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Abstract

In  Kernel Fisher discriminant analysis
(KFD A), we carry out Fisher linear discrimi-
nant analysisin a high dimensional feature
space de ned implicitly by a kernel. The
performanceof KFD A dependson the choice
of the kernel; in this paper, we consider the
problem of nding the optimal kernel, over
a given convex set of kernels. We show that
this optimal kernel selectionproblem can be
reformulated as a tractable convex optimiza-
tion problem which interior-point methods
can solve globally and e cien tly. The kernel
selectionmethod is demonstrated with some
UCI machine learning benchmark examples.

1. Intro duction

Recenly, KFD A hasreceivedalot of interestin the lit-
erature (Mika et al., 2001;Yang et al., 1989). A main
advantage of KFD A over other kernel-basedmethods
is that it is computationally simple: it requiresthe fac-
torization of the Gram matrix computed with given
training examples, unlike other methods which solve
dense(convex) optimization problems. The classi ca-
tion performance of KFD A is comparable to that of
support vector machines (SVMs) (Mika et al., 2003),
which areregardedasthe state-of-the-art kernel meth-
ods.

KFDA nds the direction in a feature space,de ned
implicitly by a kernel, onto which the projections of
positive and negative classesare well separated in
terms of Fisher discriminant ratio (FDR). Like other
kernel-basedclassi cation methods, its classi cation
performance depends very much on the choice of the
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kernel. Typically, a parameterized family of kernels,
e.g., the Gaussianor polynomial kernel family, is cho-
sen and the kernel parameters are tuned via cross-
validation or generalizedcross-\alidation (Hastie et al.,
2001).

In this paper, we considerthe problem of nding the
kernel, over a given corvex set of kernels,that is opti-
mal in terms of maximum achievable FDR. The main
cortribution of this paper is to show that this kernel
selection problem can be reformulated as a tractable
convex optimization problem, and hencethe globally
optimal kernel can be found with e ciency. In par-
ticular when the corvex kernel set consists of a ne
combinations of a nite number of given kernels, the
optimal kernel selectionproblem canbe castasa semi-
de nite program (SDP) which interior-p oint methods
can solve with great e ciency .

The kernelselectionproblem hasbeenstudied by Fung
et al. (2004). The authors formulate an optimal ker-
nel selectionproblem, basedon the quadratic program-
ming formulation of Fisher linear discriminant analysis
givenin Mika et al. (2001). This optimal kernel selec-
tion problem is not jointly convexin the variables (the

feature weights and Gram matrix). They dewelop an
iterative method that alternates between optimizing

the weight vector and the Gram matrix, without ex-
ploiting the fact that the problem can be reformulated

as a cornvex problem.

Recerly, Micchelli and Pontil (2005) have shown that,

for a generalclassof kernel-basedclassi cation meth-
ods, the assaiated optimal kernel selection problems
are in fact corvex problems. The optimal kernel selec-
tion problem in KFD A doesnot fall into the class,so
our convex formulation of the problem doesnot follow
from the generalresult.
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1.1. Outline

In the remainder of this section, we introduce some
notation and de nitions. We review KFD A in §2. We
describethe optimal kernelselectionproblemin KFD A
and giveits corvexformulation in §3. The kernelselec-
tion method is demonstrated with someUCI machine
learning benchmark examplesin §4. We review related
work on optimal kernel selectionin kernel-basedmeth-
ods in §5 including the generalresult in Micchelli and
Pontil (2005). We give our conclusionsin §6.

1.2. Notation and De nitions

We use X to denote the input or instance set, which
is an arbitrary subsetof R", and Y = {-1,+1} to
denote the output or classlabel set. An input-output

pair (z,y) wherexz € X and y € ) is called an ex-
ample. An exampleis called positive (negative) if its
classlabel is +1 (—1). We assumethat the examples
are drawn randomly and independertly from a xed,

but unknown, probability distribution over X x Y.

A symmetric function K : X x X — R is called a ker-
nel (function) if it satis es the nitely positive semi-
de nite property: for any x1,...,z,, € X, the Gram
matric G € R™ ™, de ned by

Gij = K(zi, ), 1)

is positive semide nite. Mercer's theorem (Shawe-
Taylor & Cristianini, 2004) tells us that any kernel
function K implicitly maps the input set X to a
high-dimensional (possibly in nite) Hilbert space H
equippedwith the inner product (-, -}y through a map-
ping ¢ : X — H:

K(z,z) = (¢(x), ¢(2)n

We often write the inner product (¢(x),#(2))y as
#(x)T ¢(z), when the Hilbert spaceis clear from the
cortext. This spaceis called the feature space, and
the mapping is called the feature mapping. They de-
pend on the kernel function K and will be denoted
as ¢ and Hx. The Gram matrix G € R™ ™, de-
ned in (1), will be denoted Gx when it is necessary
to indicate the dependenceon K.

Vr,z€e X.

2. Kernel Fisher Discriminan t Analysis
2.1. Setup

Let {x1,..., 2, } C R™ denote training inputs from
the positive class and {x,, +1,.-.,2m} C R™ de-
note those from the negative class. (The total num-
ber of negative inputs is m = m —m+.) Let K
be a kernel function. The two sets {¢x(z;)}.~; and

{oK(xi)}i2,,. +1 represen the positive classand the
negative class,respectively, in the feature space.

Welearnaclassier h: X — {—1,+1} from the train-
ing inputs whosedecision boundary betweenthe two
classeds ane in the feature spaceH :

h(z) = sgn w’¢x(z) + b

where w € Hy is the vector of feature weights, b € R
is the intercept, and

_ +1 fu>0
sgw) = 3 i, <o

The data required to carry out KFD A are the means
and covariancesof the positive and negative classesn
the feature space. In practice, we carry out KFDA
with the sample means

. 1 X
Hp = or(w4),
M
1 X
12374 = —_ ¢K(I’L)7
m
i=mg +1

and the sample covariances

. 1 X . ‘o
K - e (P (wi) — ,UK)(QbK(Ii) - /LK) )
=1
ko= () i) )"

= ms +1

2.2. Maxim um Achievable FDR

The basic idea of KFDA is to nd a direction in the
feature spaceH x onto which the projections of the two
sets {¢x(z;)}iny and {¢px(z;)}2 .. 1 are well sepa-
rated. (Once the direction is xed, the intercept can
be chosenappropriately, taking into accourt misclas-
si cation costs.) Speci cally, the separation between
the two setsis measuredby the ratio of the variance
(wT g — wT g )? betweenthe classedo the variance
wl( %+ x)w within the classes.Sincethe covari-
ancesmay be singular, we add a (small) regularization
term to the variance within the classes.Thus, KFD A
maximizesthe FDR

T(,+ _ 2
F)\(’LU, K) - T(w +(MK MK)) ’ (2)
wh( x+ g+ Mw
where )\ is a positive regularization parameter and [
is the identity operator in Hx.

Using the Cauchy-Schwartz inequality, we can show
that the weight vector

w'= (et g+ M) Huk — pg) @)
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maximizes the FDR. The maximum FDR achieved
by w* is given by

F3(K)

= max
w2H « nf Og
Mk — 1) C R+ ke AD Mk — pg).
The maximum FDR dependson the kernel function K
through the feature mapping ¢x. The squareroot of
the maximum FDR is an empirical Mahalanobis dis-
tance betweenthe positive and negative classesn the
feature space. It measuresthe distance between the
means uy and pg of {dx(z;) | i = 1,...,ms} and
{¢(z;) | i = ms + 1,...,m}, taking into accourt
their distribution.

F,\(w7K)

2.3. KFD A via Kernel

An important result in KFDA (Mika et al., 2003) is
that the optimal weight vector, givenin (3), that max-
imizes the FDR is in the span of the image of the
training inputs through the feature mapping. In other
words, there is a* € R™ such that

Trick

&
w*= ajor(z;) = Uka, (4)
=1
where
Uk = [¢x(21) - ¢x(zm)].
(This result can be viewed as an extension of the rep-
reserter theorem (Shawe-Taylor & Cristianini, 2004)
for SVMs.) Moreover, this weight vector can be found
via solving a quadratic program in which the objec-
tive and constraints depend on the Gram matrix not
on the kernel function (Mika et al., 2003).

In fact, we can nd a closed-form expressionfor a*
in (4):

1
a* = 3 I—JW\ + JGkJ) YJGk a,  (5)
where
a = a+ —a ,
1 1,
as = (/ma) .
_ 0
“CT @Wm,
_ Ji 0
J = o J
Je = ! I- 11m+1§ ,
N me '
J = i I—ilm 1z
A/ m

Here, 1,, denotesthe vector of all onesin R™. (When
the dimensionis obvious, we will drop the subscript.)
The derivation of (5) is givenin Appendix A.

We can represert the optimal decisionboundary using
the kernel function. Speci cally, for a given point x €
X, we can compute the inner product (w*, ¢k (z))u .
as

X T
o} 9 (x1) ()

=1

(w*, o (x))

xn
= af K(x;, x).
i=1

To compute the inner product, we evaluate the kernel
function at the pairs (x;,z), ¢ = 1,...,m, not the
feature mapping, which is known asthe kernel trick.

3. Optimal Kernel Selection via Convex
Optimization
3.1. Optimal Kernel Selection Problem

Let IC be a cornvex set K of kernel functions, meaning
that for any K1, K, € K,

0K, + (1 - 0)K, € K, VY0€][0,1].

The problem of nding the optimal kernel, over I, in
terms of maximum achievable FDR cannow be written
as

maximize F}(K)

subjectto K € K, ©

where the variable is the kernel K : X x X — R (and
the problem data are the training examples).

3.2. General Convex Form ulation

We show that the objective of the kernel selection
problem (6) canbe expressedasa function of the Gram
matrix. Note from (3) and (4) that the objective can
be written as

F(K) (W — ng) Uka*

a'ULUga*.
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(Here, we use i}, — ;e = Uka.) Note that ULUf is
in fact the Gram matrix Gg:

UikUs, 3
2 ¢5c(21) Pk (1) e (21)prc (wm)
¢£(xm)¢K(xl) %(xm):??l{(xm)
K(x1,21) K(x1,2m)
K(xm, x1) K(:cm, L)
= GK.

We can now seefrom (5) that

FY(K) = % aTGra—alGrJN + JGkJ) YJGka .

The righ-hand side is a function of the Gram matrix.

Let G denotethe set of Gram matrices consistert with
the assumption made on the kernel function:

Gg= {GK KEIC}

This set is a convex subset of S*. Here we use S}”
(S ) to denote the set of all m x m symmetric pos-
itiv e semide nite (de nite) matrices. The convexity
follows directly from corvexity of K. Moreover, any
G € G is positive semide nite, sinceany K € K satis-
es the nitely positive semide nite property (by the
de nition of kernel functions).

It is now clear that the optimal kernel selectionprob-
lem (6) is equivalent to

minimize  f}(G)

subjectto G € g, %

wherethe variable is G = GT € R™ ™ and
1
INGE 3 al'GIN+ JGJ) YJGa —aTGa .

(The two problems are equivalent in the sensethat a
solution of ead problem is readily obtained from a
solution of the other.) Note that the objective and
constraints of this problem depend on a semide nite
matrix, and not a kernel function.

We establish the convexity of the objective function
f3(G), and therefore also the problem (7). Note that
a”Ga is linear in G. Thus, it suces to show the con-
vexity of a”GJ(M + JGJ) 1JGa. This function can
be expressedasthe composite function f(h(G), s(G)),
where

flz,X) = 27X 1z,
MG) = JGa,
s(G)y = M+ JGJ.

The matrix fractional function f(z,X) is corvex on
R™ x S% . Note that, for any G € G, s(G) is positive
de nite (A > 0). Sinceh and s are linear in G, the
convexity of f(h(G), s(G)) now follows from a basic
composition rule for convex functions: the composition
of a convex function with an a ne mapping is always
COIvex.

3.3. Convex Com binations of Kernels

Here we focus on the special casein which K con-
sists of convex combinations of given kernel functions
Ky, ..., Kp:

K= K:XxX—>R K= 0,K;,1T0=1,60>0

=1
where § = 0 meansthat its elemerns 6; are nonnega-

tive. The set G of Gram matrices consistert with this
setis given by

xXp
G= G G= 6,G;,1T9=1,0>0 |,
=1
where G; = GZ-T e R™ ™ js the Gram matrix com-

puted with the kernel function K; (and the training
inputs). Any matrix in G is positive semide nite, since
it is a convex combination of the positive semide nite
matrices Gy, ..., Gy.

The convex problem (7) corresponding to the corvex
combinations above can be written as

P
minimize  f5( 1, 0:G))
subjectto 6 =0, (8)
179 = 1.

This problem is simple: it involves minimizing a con-
vex function over p nonnegative variables, with one
equality constraint.

The cost of solving the problem is not signi cantly

larger than that of SVMs applied to the sametraining

inputs. The cost of forming and summing the Gram
matrices G; is O(m?n+ pm?), and the additional cost
of computing the gradient and Hessianof the objective
(which requires the inversion of an m x m matrix) is
O(m?). The Choleskyfactorization of the px p Hessian
requiresO(p®) ops. The total costper Newton step of
interior-p oint methods (Nesterov & Nemirovsky, 1994)
applied to (8) is therefore O(p® + m2n+ pm?+ m23). In

the caseof p,n < m, the total costgrows like O(m?),

which is the sameasthat of SVMs (but with a larger
constart hidden in the O(-) notation).

We give another cornvex formulatino of (8). Using the
Schur complemert technique (Boyd & Vanderberghe,

)
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2004), we can write the inequality
a"GIN+ JGJ) YJGa <t
equivalertly asthe linear matrix inequality

M+ JGJ JGa

aTGJ t = 0.

Here, for a symmetric matrix A, A = 0 meansthat A is
positive semide nite. The cornvex problem (8) is now
equivalent to

minimize  (1/\) t— P e

subject to H(t,0) = 0, ©)
6 >0,
179 = 1,

where the variables are ¢t € R and § € R™, and
H(t,0) € Rt n*1 js de ned as

P p
i=1 GiJGZ-a
le GiaTGZ-J t

Mg L 0.0GT
H(t,0)= 7P, it n

This problem is a semide nite program (SDP); see,
e.g., Vanderbergheand Boyd (1996).

This SDP can be solved by interior-p oint methods,
with the samecomplexity as that of (8). One advan-
tage of the SDP formulation (9) is that we can nd
the optimal kernel using standard SDP solverssuch as
SeDuMi (Sturm, 2001) or SDPT3 (Toh et al., 2002).

4. Numerical Results

We demonstrate the optimal kernel selection method
described above with seweral machine learning bendc-
mark examples from the UCI repository (Newman
et al., 1998). The examplesconsideredare shown in
Table 1.

Each data setwasrandomly partitioned into a training
set and a test set. We used 70% of the data points as
the training setto perform KFD A and optimal kernel
selection, and tested the generalization performance
using the remaining data points. We generated 100
random partitions of the data (for ead of the bend-
mark problems) and collected the results.

Our kernel is a convex combination of 10 Gaussian
kernels:

30

K(z,z2) = ek ® Zkz/"iz,

=1
where 6; are the weights of the kernelsto be deter-
mined. The values of o; were chosenuniformly over
the interval [10 1, 10?] on the logarithmic scale. The

regularization parameter in KFD A was xed to 10 8.

Table 1. Classi cation results: KFD A with the optimal
kernel K’ versus KFDA with K found via cross-

validation.
?naqt;?])set mean TSA (K?) mean TSA (K%)
f;gg%o) 84:4% 83:3%
'(%g‘fgz)ere 94:1% 92:6%
?Zeg‘;; t13) 817% 82:0%
?;rgg &) 74:9% 75:1%

The performance of KFD A for the benchmark exam-
ples doesnot appear to depend much on the regular-
ization parameter, aslong asit is neither too small nor
too large.

For eadh of the benchmark problems, we computed the
optimal weights 67 of the 10 kernels, using SeDuMi
(Sturm, 2001). This solver is e ectiv e for the bend-
mark examplesin Table 1, sincetheir sizesare modest.
For instance, we can solve the optimal kernel selection
problem for the ionospheredata setin a few seconds.

For eat of the benchmark examples,we comparethe
optimal kernel

)40 2 2
K*(.I'7Z) - H;ek x 2Kk /o
=1

with the kernel K¢ found via cross-walidation to tune
the kernel parameter over o; givenabove. To do so,we
computed the meantest setaccuracy (TSA) (over the
100 instances of eadh problem). Table 1 summarizes
the comparisonresults.

To better comparethe generalization performancesof
the optimal kernel and the kernel found via cross-
validation, we compare the receiver operating char-
acteristic (ROC) curves (Pepe, 2000) of the classi ers
combined with the kernels. The curves were found
by carrying out ROC analysis over the 100 instances
of each problem and then taking the average of the
resulting ROC curves along the z-axis. As an illus-
trativ e example, we plot the ROC curve comparison
results for the sonar data set in Figure 1. This gure
shows that KFD A with the optimal kernel performs
slightly better than KFDA with K. While guar-
anteeing a false positive rate (the probability that a
negative exampleis misclassi ed) of 20%, KFD A with
the optimal kernel achievesa slightly higher true pos-
itiv e rate (the probability that a positive example is
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Figure 1. ROC curve comparison results for sonar data.
Solid line: KFD A with the optimal kernel. Dashed line:
KFD A with the kernel found via cross-walidation.

classi ed correctly) than KFD A with K. The areas
under the two ROC curves are 0.91 (optimal kernel)
and 0.90 (cross-\alidation). For the other benchmark
examplesconsidered,we seesimilar results.

We obsene from the empirical results above that the
optimal kernel selectionmethod for KFD A hasthe po-
tential of replacing cross-alidation to tune kernel pa-
rameters, i.e., we can carry out KFD A without cross-
validation to tune kernel parameters. This obsena-
tion is in line with the conclusionsof Lanckriet et al.
(2004b) and Fung et al. (2004). We expect that
the improvemert in mean TSA is more signi cant in
heterogeneousdata fusion in which we want to com-
bine seweral kernels for learning heterogeneousdata,
as Lanckriet et al. (2004a) have demonstrated with
other kernel-basedmethods.

5. Related Work

Many researtershave studied optimal kernelselection
in kernel-basedclassi cation methods, which is called
kernel learning (Bach et al., 2004;Bennett et al., 2002;
Bi et al., 2004;Bousquet& Herrmann, 2003; Cristian-
ini etal., 2001;Crammer et al., 2003;Fung et al., 2004;
Lanckriet et al., 2004b; Lanckriet et al., 2004a; Ong
et al., 2005; Xiong et al., 2005). The main emphasis
is on formulating kernel learning as a tractable cornvex
optimization problem.

A general result on the corvexity of kernel learning
has been established in Micchelli and Pontil (2005).
The authors considera generaloptimal kernel selection

problem of the form
minimize  inf ¥ yiw or(x) + Mwlf,
w K

=1
subjectto K € K,

wherethe variable is the kernel function K : X x X —
R. Here, )\ is a positive regularization parameter,
{(z,y:) }12, is the setof giventraining examples,K is
a setof of kernel functions, 1 : R> — R, is alossfunc-
tion (e.g., the hinge lossor logistic loss). Kernel learn-
ing problemsthat arisein many kernel-basedproblems
including 1-norm soft margin and 2-norm soft margin
SVMs have this form. They show that if the lossfunc-
tion ¢ is cornvex, then the problem above is in fact a
convex optimization problem.

Evidently, the FDR in (2) does not satisfy the con-
vexity condition. The corvex formulation of kernel
learning in KFD A givenin §3 is therefore not a direct
consequencef the generalresult above.

6. Conclusions

We have shonvn how to formulate the optimal kernel
selectionproblem in KFD A asa tractable convex opti-
mization. This corvex formulation leadsto a more ef-
cient method than the iterativ e one proposedin Fung
et al. (2004) that optimizes the weight vector and the
Gram matrix alternatively. In fact, optimizing over
the Gram matrix with a xed weight vector has the
same complexity as the corvex formulation. More-
over, the convex formulation always nds the globally
optimal kernel, while there is no such guarantee in the
alternating method.

The general-purposesolvers for SDPs can solve prob-
lems of the form (9) up to a few thousand examples
and a few hundred kernelsin a reasonableamourt of
time. For larger problems, we need special-purpose
solvers. We are currently developing a custominterior-
point method for the original corvex formulation (8).
In doing so, we would like to exploit the fact that
the regularization parameter appears only in the ob-
jective. This fact allows us to incorporate the so-
called ‘'warm-start' strategy easilyin the interior-p oint
method, which can greatly facilitate tuning the regu-
larization parameter.
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A. Deriv ation of (5)

In what follows, we drop the subscript in H, ¢k, Uk,
Wir 3 andsoon.

De ne

Us
U

o(x1) -+ d(@m, ) ,
(b(xrru +1) (b(mm) .

We can write the samplesmeansas

w = Usas, w =Ua .

Therefore,
pt —p = Ua.

Herea, a+, and ¢ arede ned in §2.3.

The samplecovariance * can be written as
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s da)gla)t —pt et
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m+ mx
= U, J: J. UL
Similarly, can be written as

*=U JJUt.
The sumof * and is therefore given by

T+ =UJJUT.

We can now write the weight vector w* givenin (3) as

w= UJJUT+ M ‘U

Here, we can write the inverseof UJJUT + A as

UJJUTh+ AT

L i
= S 1-UJ M+ JUTUJ YguT

which is a straightforward extension of the matrix in-
version formula to the Hilbert spaceH. (Note that
both the operator UJJUT + M from H into H and
the matrix A\l + JUTUJ € R™ ™ are positive de -
nite.)

Putting all piecesestablishedabovetogether and using
UTU = @, we can write w* as
1 h 1 i
wh = 5 I-UJ M+ JuTug “JuT Ua
h .
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