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Abstract

We present a new unsupervised algorithm
for training structured predictors that is dis-
criminativ e, convex, and avoids the use of
EM. The idea is to formulate an unsuper-
vised version of structured learning meth-
ods, such as maximum margin Markov net-
works, that can be trained via semide�nite
programming. The result is a discrimina-
tiv e training criterion for structured predic-
tors (lik e hidden Markov models) that re-
mains unsupervised and does not create lo-
cal minima. To reduce training cost, we
reformulate the training procedure to mit-
igate the dependence on semide�nite pro-
gramming, and �nally propose a heuristic
procedure that avoids semide�nite program-
ming entirely . Experimental results show
that the convex discriminativ e procedurecan
produce better conditional models than con-
ventional Baum-Welch (EM) training.

1. In tro duction

There have recently been a number of advances
in learning structured predictors from labeled data
(Tsochantaridis et al., 2004;Altun et al., 2003;Taskar
et al., 2003). Structured prediction extends the stan-
dard supervised learning framework to the multiv ari-
ate setting, where complex, non-scalar predictions ŷ
must be produced for inputs x. The challenge is that
each component ŷi of ŷ should not depend only on
the input x, but instead should take into account
correlations between ŷi and its neighboring compo-
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nents ŷj 2 ŷ . It has been shown in many appli-
cations that structured predictors outperform mod-
els that do not directly enforce these relationships
(Tsochantaridis et al., 2004;Altun et al., 2003;Taskar
et al., 2003). However, recent progress on learning
structured predictors has focusedprimarily on the su-
pervised case, where the output labels are provided
with the training data. Our goal is to extend these
techniques to the unsupervised case.

Although our technique is general, we focus our ex-
position on the special caseof hidden Markov mod-
els (HMMs) in this paper. HMMs have been a domi-
nant method for sequenceanalysissincetheir inception
and development over 40 years ago (Rabiner, 1989),
and have continued to play a central role in speech
recognition research (Jelinek, 1998; Jurafsky & Mar-
tin, 2000), natural language processing(Manning &
Schutze, 1999;Jurafsky & Martin, 2000), and biologi-
cal sequenceanalysis (Durbin et al., 1998).

HMMs are a special form of graphical model for se-
quence data of the form x = (x1; :::; xL ) and y =
(y1; :::; yL ), where x is a vector of observations and
y is a corresponding sequenceof states. The model
assumesthat the observation xk at time k is condition-
ally independent of all other variables given the state
yk at the sametime, and moreover yk is conditionally
independent of all other variables given yk � 1; xk ; yk+1

(Figure 1). The parametersthat de�ne this model are
the initial state potentials p(y1), the observation po-
tentials p(xk jyk ), and the state transition potentials
p(yk+1 jyk ). Often one assumesa stationary model
where the transition and emission potentials do not
changeasa function of time. For simplicit y we assume
�nite alphabets for the state and observation variables.

An HMM expresses a joint distribution over an
observation-sequencestate-sequencepair (x; y ). A sig-
ni�can t appeal of these models is that nearly every
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operation one might wish to perform with them is
tractable. For example, an HMM can be used to e�-
ciently decode an observation sequenceto recover an
optimal hidden state sequence,y � = argmaxy p(y jx),
by the Viterbi algorithm (Rabiner, 1989). Another ex-
ample is maximum likelihood training: if one is given
complete training data expressedin paired sequences
(x1; y1); :::; (x t ; y t ) then training a hidden Markov
model to maximize joint likelihood is a trivial mat-
ter of setting the observation and transition potentials
to the observed frequencycounts of each state! state,
state! observation, and initial state patterns.

More often, however, one is more interested in learn-
ing a conditional model p(y jx) rather than a joint
model p(x; y), becausethe conditional model serves
as the structured predictor of a joint labeling y for
an input sequencex. For conditional models it has
long been observed that discriminativ e (conditional
likelihood) training is advantageouscomparedto joint
(maximum likelihood) training. In fact, the signi�can t
recent progresson learning structured predictors has
beenbasedon developing training proceduresthat ex-
ploit discriminativ e criteria, such as conditional likeli-
hood or margin loss; for example, as in conditional
random �elds (La�ert y et al., 2001), discriminativ e
sequencetraining (Altun et al., 2003; Tsochantaridis
et al., 2004), and maximum margin Markov networks
(Taskar et al., 2003). The decoding accuracyachieved
by these techniques generally exceedsthat of simple
maximum likelihood.

One major limitation of current discriminativ e train-
ing algorithms, however, is that they are all super-
vised. That is, thesetechniquesrequire completestate
sequencesy to be provided with the observation se-
quencesx, which precludes the use of unsupervised
or semi-supervised approaches. This is a serious lim-
itation becausein most application areasof sequence
processing|b e it speech, language, or biological se-
quence analysis|lab eled state sequenceinformation
is very hard or expensive to obtain, whereas unla-
beled observation sequencesare very cheap and avail-
able in almost unlimited supply. Intuitiv ely, much of
the state-classstructure of the domain can already be
inferred from a massive collection of unlabeled obser-
vation sequences. Nevertheless, a generally e�ectiv e
technique for unsupervised learning of discriminativ e
models has yet to be developed.1

For the unsupervised training of hidden Markov mod-

1An exception is (Altun et al., 2005), which considers
a semi-supervised training approach. Unfortunately , the
technique is not applicable to the unsupervised case we
addressin this paper.
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Figure 1. Equivalent directed and undirected representa-
tions of a hidden Mark ov model.

els, most researchers back o� to a joint model view,
and useEM to recover a conditional model as a side-
e�ect of acquiring p(x; y). Even given the advantage
of discriminativ e training for supervisedlearning, most
research on unsupervisedtraining of HMMs hashad to
drop the discriminativ e approach. However, there are
several well-known problems with EM. First, EM is
not an e�cien t optimization technique. That is, the
marginal likelihood criterion it attempts to optimize is
not concave, and EM only convergesto local maxima.
Thus, from the global optimization perspective, EM
fails to guarantee a solution to the problem. Second,
if we are interested in learning a discriminativ e model
p(y jx), there is little reasonto expect that the train-
ing criterion usedby EM, which focuseson improving
the input model p(x), will recover a good decoder. In
fact, given the experience with discriminativ e versus
joint supervised training, there is every reasonto ex-
pect that it will not.

The contribution of this paper is simple: we show
that it is possible to optimize a discriminative train-
ing criterion even when learning an HMM model in
the unsupervised case. We also show that it is pos-
sible to achieve this in a convex optimization frame-
work, where at least in principle it is possibleto com-
pute optimal solutions in polynomial time (Nesterov
& Nimirovskii, 1994). Speci�cally , we base our ap-
proach on the discriminativ emargin criterion proposed
in (Taskar et al., 2003), and show that even without
training labelswecanstill learn a discriminativ emodel
p(y jx) that postulates\widely separated"hidden state
sequencesfor di�eren t input observation sequences.

2.Discriminativ e Unsup ervised Training

To develop a discriminativ e unsupervised training ap-
proach for structured predictors, we �rst consider re-
cent progress that has been made in the univariate
case.Speci�cally , we build upon current ideason how
discriminativ e training criteria can still be optimized
in the unsupervisedsetting. Our proposal is much eas-
ier to explain once a detailed understanding of these
recent ideashas beenestablished.

Theserecent approachesare basedon the large margin
criterion of support vector machines (SVMs), where
newunsupervisedtraining algorithms havebeendevel-
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oped (De Bie & Cristianini, 2003;Xu et al., 2004;Xu
& Schuurmans, 2005). The idea is to treat the miss-
ing classi�cation labels as variables to be optimized
in a joint minimization with the underlying SVM pa-
rameters. That is, one formulates the SVM training
objective (the margin loss) as a joint function of the
training labels and the SVM parameters. The unsu-
pervised learning principle then becomes�nding a la-
beling that results in an SVM with minimal margin
loss. Obviously, constraints needto be addedto the la-
beling to avoid trivial results, such ashaving all labels
set to the samevalue. The previous approacheshave
simply constrained the labeling so that the classesare
approximately balanced. Despite its simplicit y, this
approach appearsto yield good results.

To derive a structured form of these algorithms, we
followed the same methodology outlined in previous
work (De Bie & Cristianini, 2003; Xu et al., 2004).
Essentially this involvesfollowing a sequenceof steps:
First, one takes the dual of the supervised problem,
yielding an expressionthat involvespairwise compar-
isons between the supervised y-labels. Second, one
re-expressesthe problem in terms of the comparisons,
rather than the y-labels themselves, which yields a
convex function in the comparison variables, even
when the objective was not convex in the original y-
labels. Third, one relaxesthe comparisonvariables to
real values,and possiblyrelaxesadditional constraints,
to obtain a convex optimization problem. Finally, the
comparison variables in the solution can be used to
recover a classi�cation of the original data.

To derive an unsupervised training algorithm for the
structured case,we brie
y review some essential de-
tails from the 2-classand multi-class univariate case.

2.1. 2-class Case

Suppose one is given unlabeled data x1; ::; xn , and
wishes to solve for a binary labeling y 2 f� 1; +1 gn .
The recent proposals (De Bie & Cristianini, 2003;
Xu et al., 2004) suggest�nding a labeling that mini-
mizes the standard SVM margin loss, subject to con-
straint that the classesstay approximately balanced
� � � y> e � � . That is, one writes the margin loss
after the SVM parameters have been optimized as a
function of y . In the primal and dual forms this can
be expressed

! (y) = min
w

�
2

kwk2 +
X

i

[1 � yi � (x i )> w]+ (1)

= max
0� � � 1

� > e �
1

2�
hK � �� > ; yy > i (2)

where [u]+ = max(0; u), \ e" denotesthe vector of all
1s, \ � " denotescomponentwise matrix multiplication,

h; i denoteshA; B i =
P

ij A ij B ij , and K denotesthe
kernel matrix, K ij = � (x i )> � (x j ).

The di�cult y with the primal form of ! , however, is
that it is not convex in y . The dual is alsonot convex,
but the labels appear only as the equivalencerelation
matrix M = yy > ; where M ij = 1 if yi = yj and
M ij = � 1 otherwise. The key observation of (De Bie
& Cristianini, 2003; Xu et al., 2004) is that if one
expressesthe margin loss in terms of M , it becomesa
maximum of linear functions and is therefore convex
(Boyd & Vandenberghe,2004)

! (M ) = max
0� � � 1

� > e �
1

2�
hK � �� > ; M i

The class balance and the equivalence relation con-
straints can then be re-expressedin terms of M .
For example, the classbalance constraint can be en-
coded � � e � M e � � e. The equivalence relation
constraint can be encoded using a well-known result
(Helmberg, 2000;Laurent & Poljak, 1995) that asserts
M 2 f� 1; +1 gn � n is a binary equivalencerelation if
and only if M � 0 and diag(M ) = e. Thus, by relax-
ing the remaining integer constraint on M to [� 1; +1],
one can obtain a convex training problem

min
M � 0; diag( M )= e

! (M ) subject to � � e � M e � � e

This problem can be shown to be equivalent to the
semide�nite program (De Bie & Cristianini, 2003;Xu
et al., 2004)

min
M ;� ;� � 0;� � 0

� subject to (3)
�

M � K e + � � �
(e + � � � )> 2

� (� � � > e)

�
� 0

diag(M ) = e; M � 0; � � e � M e � � e

The result is a convex training criterion for SVMs that
is completely unsupervised, yet discriminativ e.

2.2. Multi-class Case

To tackle the structured prediction case,we will need
to use a multi-class version of this training strategy
(Xu & Schuurmans, 2005). Assume one is given un-
labeled data x1; :::; xn , but now wishes to learn a la-
beling y such that yi 2 f 1:::� g. A multi-class labeling
y can be represented by an n � � indicator matrix
D , such that D iy i = 1 and D iu = 0 for u 6= yi . In a
multi-class SVM, the feature functions � (x; y) are also
extendedto include the y-labels,which providesa sep-
arate weight vector w u for each classu. Oncea weight
vector has been learned, subsequent test examplesx
are classi�ed according to y� = argmaxy w > � (x ; y).



Discriminativ e Unsup ervised Learning of Structured Predictors

For unsupervisedSVM training, the problem becomes
�nding a multi-class labeling y (or an indicator ma-
trix D) to minimize the multi-class margin loss. Al-
though the margin loss is not uniquely determined in
this case,the most commonchoice is given by (Cram-
mer & Singer, 2001)

! (D ) = min
w

�
2

kwk2 +
X

i

max
u

h
1 � D iu �

w > (� (x i ; yi ) � � (x i ; u))
i

+

= max
� � 0;� e= e

n � hD ; � i � 1
2� hK ; DD > i

+ 1
� hK D; � i � 1

2� h�� > ; K i

As in the 2-classcase,the primal form of the margin
loss is not convex in D . The dual form is also not
convex in D , but once again D appears conveniently
in this caseonly as D itself and the equivalencerela-
tion matrix M = DD > ; where M ij = 1 if yi = yj and
M ij = 0 otherwise. If onere-expressesthe margin loss
in terms of D and M , it onceagain becomesa maxi-
mum of linear functions of D and M and is therefore
jointly convex in D and M (Boyd & Vandenberghe,
2004)

! (D ; M ) = max
� � 0;� e= e

n � hD ; � i � 1
2� hK ; M i

+ 1
� hK D; � i � 1

2� h�� > ; K i

The classbalanceand equivalencerelation constraints
are onceagain required. Classbalancecan be enforced
by

�
1
� � �

�
ne � M e �

�
1
� + �

�
ne. However, since D

and M both now appear in the objective, they needto
be constrained relative to each other. Unfortunately ,
the constraint M = DD > is not convex. (Xu & Schu-
urmans, 2005)proposesto relax this constraint to the
one-sided version M � DD > , diag(M ) = e, which
combined with relaxing the Booleanconstraints on M
and D yields a convex training problem

min
M � 0; diag( M )= e; D � 0

! (M ) subject to M � DD > ;
�

1
� � �

�
ne � M e �

�
1
� + �

�
ne

This optimization can also be converted to a semide�-
nite program (Xu & Schuurmans, 2005), resulting in a
training criteria for multi-class SVMs that is convex,
unsupervised and yet still discriminativ e.

3. Unsup ervised M 3N s

We can now attempt to extend this univariate ap-
proach to the structured prediction case. We focus
our presentation on learning HMM predictors under
the multiv ariate margin loss formulation of Taskar et
al. (2003), however the ideas easily extend to other

structured prediction models and other training crite-
ria.

To establish the representation, initially consider the
supervised problem. Suppose we are given labeled
training sequences(x1; y1); :::; (xn ; yn ), where each
individual training sequenceis of the form (x i =
(x i 1; :::; x iL ); y i = (yi 1; :::; yiL )). As before, we con-
sider feature functions � (x i ; y i ) of both the observa-
tion and the label sequence.If one assumesa station-
ary hidden Markov model, as we do, then the vector
of features � (x i ; y i ) can be re-expressedas a sum of
feature vectors over the local piecesof the example

� (x i ; y i ) =
LX

k=1

� (x ik yik yik � 1)

That is, each feature vector � (x ik yik yik � 1) for a lo-
cal sequencepiece(x ik yik yik � 1) is just a sparsevector
that indicates which particular con�guration is true in
each local table of the graphical HMM model. The fact
that the feature vector depends only on a local sub-
set of variables (x ik yik yik � 1) encodes the conditional
independenceassumption of the HMM. The fact that
the total feature vector for a completelabeledsequence
is just a sum of the feature vectors for each local se-
quencepiece,independent of k, encodesthe stationar-
it y assumption of the HMM.

This would be the representation one would use in
training a supervised M3N given labeled training se-
quences(Taskar et al., 2003). In the supervisedcase,a
discriminativ e structured predictor can be trained by
solving a quadratic program with respect to weights on
the feature vector � (x; y ). The goal of this quadratic
program is to minimize the multiv ariate margin loss

! (y1; :::; yn ) = min
w

�
2

kwk2 +
X

i

max
u i

h
�( u i ; y i ) �

w > �
� (x i ; y i ) � � (x i ; u i )

� i

+
(4)

where �( u i ; y i ) counts the disagreements betweenu i

and y i , thus encouraging a margin between the cor-
rect labeling y i and an alternativ e labeling u i that in-
creaseswith Hamming distance(Tsochantaridis et al.,
2004).

We will need to work with the dual. Taskar et al.
(2003) observe that the dual of a structured problem
(4), although of exponential sizein a naive derivation,
can be factored into marginal dual variables using the
conditional independencestructure of the y-labeling.
In the HMM representation we are assuming,a com-
pact quadratic program that computesthe samemul-
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tivariate margin losscan be expressedas

! (y1; :::; yn ) = max
� ;�

X

i;k ;u

� ik (u)1(u6= y ik ) (5)

�
1

2�

X

ij;k `;uu 0;v v0

� ik (uu0)� j ` (vv0) � � ik (uu0)> � � j ` (vv0)

subject to � ik (u) � 0; � ik (uu0) � 0;
X

u0

� ik (uu0) = � ik (u);
X

u

� ik (u) = 1

where � � ik (uu0) = (� ik (yik k � 1) � � ik (uu0)). Here i; j
index training cases,k; ` index locations in each train-
ing sequence,and u; u0 index possible relabelings at
these locations. There is a dual variable � ik (u) cor-
responding to each singleton relabeling, and a dual
variable � ik (uu0) corresponding to each adjacent pair
relabeling.

To derive an unsupervisedversion of this training cri-
terion, we now consider minimizing the multiv ariate
margin loss ! as a function of the sequencelabelings
y1; :::; yn . Our task will be madeconsiderablysimpler
by reformulating the multiv ariate margin lossin terms
of the indicator and equivalencerelation matrices that
we will ultimately have to use. We �rst note that the
quadratic terms in (5) can be reformulated as

X

ij;k `;uv

� ik (u)� j ` (v) � 1(ik u; j `v)K (ik ; j `) (6)

+
X

ij;k `;uu 0;v v0

� ik (uu0)� j ` (vv0)� 2(ik uu0; j `vv0)

where

� 1(ik u; j `v) = 1(y ik = y j ` ) � 1(u= y j ` ) � 1(y ik = v) + 1(u= v)

� 2(ik uu0; j `vv0) = 1(y ik k � 1 = y j `` � 1 ) � 1(uu 0= y j `` � 1 )

� 1(y ik k � 1 = vv0) + 1(uu 0= vv0)

Here K (ik ; j `) is the inner product between the sub-
feature vectorsthat omit the transition model features
and set the current state valuesequal.

Next, de�ne the indicator matrices M ; N ; C; D

M ik ;j ` = 1(y ik = y j ` )

N ik k � 1;j `` � 1 = 1(y ik k � 1 = y j `` � 1 )

Cik ;u = 1(y ik = u) (7)

D ik k � 1;uu 0 = 1(y ik k � 1 = uu 0)

Note that by these de�nitions, M and N are equiva-
lence relations on singleton and pairwise positions in
the y-label sequences,respectively. Also, by thesedef-
initions M = CC> and N = DD > . We can now
also place the optimization variables into correspond-
ing matrices � and � such that � ik ;u = � ik (u) and

� ik ;uu 0 = � ik (uu0). Given these de�nitions, we can
then re-expressan equivalent quadratic program to (5)
in a compact matrix form. Letting p1 be the number
of singleton positions in the training data, and letting
E denote the matrix of all 1's, we obtain

Theorem 1 The multivariate margin loss (5) equals

! (M ; N ; C; D) = p1 � h� ; Ci + 1
� (hK Ci + h� ; ED i )

� 1
2�

�
hM ; K i + hN; E i + h�� > ; K i + h� � > ; E i

�

subject to
P

u0 � ik (uu0) = � ik (u) 8ik u,

� � 0, � � 0, � e= e, M = CC> , N = DD > , and

N ik k � 1;j `` � 1 = M ik ;j ` M ik � 1;j ` � 1 8ij k` (8)

The proof is just algebraic manipulation of (5) using
(6) and the matrix de�nitions (7).

With this matrix form of the multiv ariate margin loss
we can now develop a convex optimization objective
for discriminativ e unsupervised training of a struc-
tured prediction model. In particular, given unlabeled
sequencesx1; :::; xn , we would like to solve for the se-
quence labelings|represen ted implicitly as indicator
matrices M , N , C and D over the singleton and pair
labelings|b y minimizing the multiv ariate margin loss
of the resulting M3N predictor. In formulating the op-
timization problem, there are a number of constraints
on the matrix variables that we needto impose.

First, one needs to impose class balance constraints
to avoid trivial results. We imposeclassbalancecon-
straints on each local singleton labeling yik and each
local pairwise labeling yik k � 1 by

�
1
� � �

�
p1e � M e �

�
1
� + �

�
p1e (9)

�
1

� 2 � �
�

p2e � N e �
�

1
� 2 + �

�
p2e

where p1 and p2 are the number of singleton and pair
positions in the data.

Second,we need to respect the quadratic constraints
betweenmatrices, such as M = CC> and N = DD > .
Unfortunately , these are non-convex. However, using
the same approach as (Xu & Schuurmans, 2005) we
can relax theseto the convex one-sidedconstraints

M � CC> ; N � DD > ; diag(M ) = e; diag(N ) = e (10)

We also need to relax the quadratic constraints (8)
that relate M and N (the equivalencerelations on sin-
gleton and pairwise assignments). Theseare also non-
convex, but can be approximated by linear constraints

N ik k � 1;j `` � 1 � M ik ;j `

N ik k � 1;j `` � 1 � M ik � 1;j ` � 1 (11)

N ik k � 1;j `` � 1 � M ik ;j ` + M ik � 1;j ` � 1 � 1
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Finally, to posethe training problem, we needto relax
the f 0; 1g integer constraints to [0; 1]. Putting these
piecestogether we get a relaxed training criterion for
structured predictors that is entirely convex

min
M ;N ;C;D � 0

! (M ; N ; C; D) subject to (9); (10); (11)

To solve this training problem in the samemanner as
above, one would then have to re-expressthis convex
problem asa semide�nite program. Unfortunately , we
�nd that the semide�nite program that results is too
large to be practical. Therefore, our initial attempt
at optimizing this training criterion has taken a di�er-
ent approach: We can obtain a more compact training
technique by using a constraint generation method

min
M ;N ;C;D ;�

� s.t. � � ! (M ; N ; C; D ; � c; � c); 8c 2 C(12)

Here we keep a �nite set of constraints C, where
each � c; � c corresponds to a set of dual parameters
for an M3N. Then given a current, M ; N ; C; D , an
M3N training algorithm (QP) is used to maximize
! (M ; N ; C; D ; � ; � ) as a function of � and � ; hence
adding a new constraint to (12). Then (12) can be
solved for a new M ; N; C; D by a smaller semide�nite
program. By convexity, a �xed point must yield a
global solution to the convex problem (12). Unfortu-
nately, this training algorithm is still quite expensive.
Therefore, in Section 5 below we proposesomeprinci-
pled alternativ es that are much faster, but no longer
guaranteed to �nd a global solution.

4. Exp erimen tal Results

As a proof of concept, we implemented the train-
ing technique proposedabove, using CPLEX for con-
straint generation and SDPT3 for the outer semide�-
nite optimizations. Our goal in this sectionis not to as-
sert that we have a practical technology, yet, that one
can easily apply to real problems immediately. How-
ever, we believe the fundamental idea is important and
we �rst want to demonstrate that the principle works,
regardlessof computational cost. We will then revisit
the question of computational e�ciency and propose
somefaster but approximate alternativ esbelow.

Sincewe were initially limited in the sizesof the prob-
lems we could consider,we investigatedsix small data
sets: four synthetic data setsgeneratedfrom a 2-state
HMM (seeFigure 1), and two reducedversionsof a real
protein secondary structure data set obtained from
the UCI repository (protein-secondary-structure). In
each case,we gathered a sampleof labeled sequences,
removed the labels, trained the unsupervised HMM
models, and usedtheseto relabel the sequencesusing

Table 1. Prediction error with di�eren t methods. Results
averagedover 10 repeats, for each, EM given 10 re-starts.

Dat a set CDHMM EM
syth. dat a1 (95%) 3.38 � 0.75 15.09 � 1.92
syth. dat a2 (90%) 8.12 � 1.57 17.49 � 1.81
syth. dat a3 (80%) 22.12 � 1.40 30.06 � 1.24
syth. dat a4 (70%) 31.50 � 1.46 39.90 � 0.86
pr otein dat a1 51.75 � 1.80 58.11 � 0.47
pr otein dat a2 50.38 � 2.04 57.23 � 0.39

Viterbi decoding. We measuredaccuracyby �rst opti-
mizing the map betweenpredicted and possiblestate
labels for each method, and then counting the num-
ber of misclassi�ed positions in all training sequences.
We comparedthe performanceof the proposedconvex
discriminativ e HMM training (CDHMM) to standard
EM training (EMHMM). The regularization parame-
ter � for CDHMM was set to 0.01 for the synthetic
experiments and 1.0 for the protein experiments. EM
was run from a random set of initial parameters 10
times. Smoothing had little noticeable e�ect on EM.

The synthetic data setswere generatedfrom a simple
2-state HMM, where each state emits either 0 or 1 ac-
cording to emissionprobabilit y. Emissionnoisewasset
equal to the probabilit y of transitioning to the other
state. In synthetic data set 1, there is a 5% chanceof
staying in the samestate and a 95% chance of mov-
ing to another state; similarly, in synthetic data set 2,
3, and 4 there is a 10%, 20%, and 30% chancerespec-
tiv ely of staying in the samestate. Thus, the synthetic
data setsare incrementally noisier from synthetic data
set 1 to 4. To generatetraining data, we sampled 10
sequencesof length 8 from the 2-state HMM.

For the protein sequenceexperiments, we created two
small data sets of 10 subsequencesof length 10, with
endpoints randomly selectedin the data. In the �rst
experiment (protein data 1) a simple HMM was used
(Figure 1), where yi is the secondary structure tag
(one of 3 values) and x i is the amino acid tag (one of
20 values). In the secondexperiment (protein data 2),
each observation x i was set to a window of 3 adjacent
amino acid tags (one of 203 values).

Table 1 shows the classi�cation accuraciesachieved by
CDHMM and EMHMM on these problems. Here we
seethat CDHMM learns far more accurate prediction
models than EMHMM. In fact, theseresults are quite
strong, supporting our contention that the discrimi-
native training criterion, basedon M3Ns, might pro-
vide a fundamental improvement over EM for learning
structured predictors. Of course, one source of the
advantage might simply be that the convex training
criterion avoids getting stuck in local minima. How-
ever, independent of local minima, we still argue that
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even in the unsupervisedsetting, optimizing a discrim-
inativ e criterion that focuseson p(y jx) is superior to
optimizing a criterion that focusessolelyon improving
the model of p(x) (which in fact is what EM is trying
to do in this case). Below we present further evidence
to attempt to support the secondcontention.

Unfortunately , the computational cost of the convex
training is quite high (hours versus seconds)and we
do not yet have a e�cien t optimization strategy that
is able to guarantee global minimization, even though
there are no local minima. To try and address this
issue,we attempt to formulate more computationally
attractiv e versionsof the proposedtraining criterion.

5. E�cien t Appro ximation Techniques

Our main idea, currently , for a computationally ef-
�cien t approximate training method is based on an
equivalent reformulation of the training objective. The
reformulation we proposesacri�ces convexity, but per-
mits more e�cien t local optimization. The easiest
way to illustrate the idea is to consider the simple 2-
classunivariate casefrom Section 2.1. Equations (1)
and (2) give two equivalent expressionsfor the mar-
gin loss as a function of the labeling y, expressedas
primal and dual quadratic programs. It is well-known
that the primal and the dual solutions are related by
w = 1

�

P
j � j yj � (x j ). This relationship is, in fact, not

accidental, and one can establish several alternativ e
quadratic programs that give the samesolution as the
standard primal and dual forms.

Prop osition 1 The margin loss, (1) and (2), equals

! (M ) = min
0� � � 1;� � 0

1
2�

hK � �� > ; M i + � > e

subject to � i � 1 �
1
�

X

j

M ij � j K (x i ; x j ) 8i

where M = yy >

That is, the normal maximization over the dual vari-
ables can be replaced by an equivalent minimization
over the dual and slack variables. This allows one to
re-expressthe problem of maximizing margin lossasa
joint minimization between the dual variables � and
the equivalencerelation M as

min
M

min
0� � � 1;� � 0

! (M ; � ; � ) = � > (K � M )� =2� + � > e

subject to convex constraints

Unfortunately , ! (M ; � ; � ) is not jointly convex in
M and � , meaning that global minimization cannot
be easily guaranteed. Nevertheless, the objective is
marginally convex in M and � , � . This suggests
an alternating minimization approach|�rst solve a

semide�nite program in M given � and � , then solve
a quadratic program in � , � given M , and so on. A
key fact about alternating minimization is that it must
make monotonic progress in the objective ! . Given
that the loss ! is bounded below, such a procedure is
guaranteed to convergeto a local minimum.

Although alternating minimization yields superior
intermediate solutions to the constraint generation
method, it still involves semide�nite programming at
each stage. However, our observation is that one can
sidestepsemide�nite programming entirely .

Prop osition 2 Given an SVM solution speci�e d by
a �xed � , the labeling y (and its equivalence relation
M = yy > ) that minimizes margin loss is given by the
labeling that is consistent with the SVM's predictions.

That is, the best labeling for a �xed SVM, in terms of
minimizing margin loss, is simply the SVM's predic-
tions, which in fact is a fairly obvious statement. Nev-
ertheless,onecanobtain a very fast approximate train-
ing procedureas a result: initialize the labeling, train
an SVM, relabel accordingto the SVM's discriminant,
re-train the SVM, and soon. Although this soundslike
a naive heuristic, it is in fact a principled coordinate
descent method: each iteration, either re-training or
re-labeling, is guaranteed to be non-increasingin the
margin loss. Thus the alternation must make mono-
tonic progress in the objective and cannot oscillate,
except at a �xed point, which corresponds to a local
minimum. We have experimented with this approach
below and found that it requires a nontrivial number
of iterations (t ypically more than 1) to reach a �xed
point|so the procedure is not completely vacuousas
one might fear|but on the other hand the number
of iterations rarely exceeds5-10, so the training time
is not signi�can tly worse than training a supervised
M3N. Quite obviously, however, this heuristic only
�nds local minima and will be dependent on good ini-
tialization. Surprisingly, however, we have found that
this heuristic alternation technique can achieve good
results when applied to large scalesequencedata, and
is still able to surpassEM in the quality of the struc-
tured predictors it learns from unlabeled data.

5.1. Exp erimen tal Evaluation

In order to gaugethe impact of the approximation, the
alternating heuristic (ACDHMM) wasrun on the same
small data sets as the constraint generation method.
Note that ACDHMM needssome initial labeling, so
it was seededwith the Viterbi labeling from a model
learned on a single run of EM. The results shown in
Table 2 show that ACDHMM is not asaccurateas the



Discriminativ e Unsup ervised Learning of Structured Predictors

Table 2. Prediction error including alternating method.

Dat a set CDHMM ACDHMM EM
syth1 3.38 � 0.75 14.46 � 1.78 15.09 � 1.92
syth2 8.12 � 1.57 17.34 � 1.52 17.49 � 1.81
syth3 22.12 � 1.40 26.56 � 1.06 30.06 � 1.24
syth4 31.50 � 1.46 38.58 � 0.96 39.90 � 0.86
pr ot1 51.75 � 1.80 56.67 � 0.47 58.11 � 0.47
pr ot2 50.38 � 2.04 53.65 � 0.57 57.23 � 0.39

Table 3. Prediction error for larger data sets.
Dat a set ACDHMM EM
20� 2-seq 43.12 � 2.20 46.27 � 1.51
10� 5-seq 44.33 � 2.30 48.67 � 1.51
5� 10-seq 46.44 � 2.12 48.67 � 1.82

exact CDHMM procedure,but generally o�ers better
results than EM, especially with the complex model
(PROT2). However, ACDHMM scales better than
CDHMM so we are able to present results on much
larger data sets. To demonstratethis, we usethe same
protein secondarystructure data set but now usecom-
plete sequences(from the available set of 110) instead
of sampling short segments. We show results in Table
3 for 20 samplesof 2 sequences(20� 2-SEQ), 10 sam-
ples of 5 sequences(10� 5-SEQ), and 5 samplesof 10
sequences(5� 10-SEQ) taken randomly from the data
set. These data sets are much larger than our ear-
lier examples,having, on average,337, 628, and 1214
structure observations respectively. In all cases,the
observations x i were set to a window of 7 adjacent
amino acids. The results show an improvement over
EM in a more realistic context.

6. Conclusion

We have presented a new discriminativ e approach to
the unsupervised training of hidden Markov models.
To the best of our knowledgethis is the �rst technique
to formulate a convexcriterion for discriminativ eunsu-
pervisedtraining. We can o�er an exact but expensive
training method for this criterion, or fast but inexact
training methods, but cannot yet attain both.

There are many directions for future research. One
of the most signi�can t issuesis overcoming the com-
putational burden of semide�nite programming. Even
though this problem is polynomial time in principle
(Nesterov & Nimirovskii, 1994), current solvers limit
the size of the problems we can practically handle.
Generalizingthe approach to arbitrary graphical mod-
els is not hard, although the usual limits on graph
topology are required to ensure tractabilit y. A more
interesting issuethat we have not mademuch progress
on is dealing with continuous variables and continu-

ous time. Finally, it would be interesting to try our
technique on semi-supervised data to seeif improve-
ments over current discriminativ e classi�cation tech-
niquescan be achieved.
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